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1 Introduction 

In this paper, we consider the following nonlinear Schrodinger equation. 

+ Ai/> + A#| p- V + |V|^ = 0, (NLS) 

where tp = ip(x,t) is a complex-valued function on M. d x R (d > 3), A is the Laplace 
operator on M. d , fj, > and 1 + | < p < 2* - 1 (2* := ^). 

4 

The nonlinearity of (|NLS|) is attractive and contains the energy-critical term \il)\ d - 2 ijj 
in the scaling sense. It is known (see [5J[TI)]) that: 

(i) for any to S K and datum £ -H" 1 > there exists a unique solution ip G C (/ m ax 5 1 ) 
to (jNLSp with ^(^o) = V'Oi where I max denotes the maximal interval on which tp exists; 

(ii) the solution if; enjoys the following conservation laws: 



lz,2 = ||V>o|lz,2 for any t G J max , (1.1) 

= «(^o) for any t E J max , (1.2) 

where 

H(u) := \\Vu\\ 2 L 2 - IMIit+i ^— ||«||^» • (1-3) 

We are interested, like in [3], in the existence of standing wave and blowup problem for 
(jNLSp . Here, the standing wave means a solution to (TNLS) of the form V>(x, t) = e^ tu} Q(x), 
so that Q must satisfy the elliptic equation 

- Ait + uju - /j,\u\ p L u - \u\ d~ 2 u = 0. (1.4) 

When /x = 0, it is well-known that the equation (|1.4|) has no solution for w > 0. Moreover, 
if the subcritical perturbation is repulsive, i.e., /i < 0, then there is no non-trivial solution; 
Indeed, using the Pohozaev identity, we can verify that any solution Q G i7 1 (M d j3to (|1.4p 
with fi < obeys that 

= u \\Qf L2 - f, (l - l^rry) IIQIIgii . ( L5 ) 

which, together with to > and p < 2* — 1, shows Q is trivial. Thus, \i > is necessary 
for the existence of non-trivial solution to (|1.4p . 



lr The solution Q G H 1 (R d ) also belongs to Lf^ c (R d ) (see, e.g., Appendix B in [Ti]). 
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Our first aim is to seek a special solution to (|1,4|) called ground state via a certain 
variational problem; Q is said to be the ground state, if it is a non-trivial solution to (|1.4p 
and 

Soj(Q) = minjcSu (tt) : u is a solution to (jl.4p |. (1.6) 

where 

S u (u) := co \\u\\ 2 L2 +W(u). (1.7) 

More precisely, we look for the ground state as a minimizer of the variational problem 
below: 

m u := inf {cS w (u) | u £ H 1 ^) \ {0}, K{u) = o} , (1.8) 



where 



A=l « A 



A=l 



,._ ||2 d{p- 1) p+i 2 * 



(1.9) 



and T\ is the L 2 -scaling operator defined by 

(T x u)(x) := X'lu(Xx) for A > 0. (1.10) 
We can verify the following fact (see [HE] f° r the proof): 

Proposition 1.1. Any minimizer of the variational problem for becomes a ground 
state of JJ.^p . 

We remark that the existence of the ground state is studied by many authors (see, 
e.g., [21 OH]); In particular, in [2], they proved the existence of a ground state for a class 
of elliptic equations including (|1.4p through a minimization problem different from ours. 
An advantage of our variational problem is that we can prove the instability of the ground 
state found through it. Indeed, we can prove the blowup result (see Theorem 11.21 below) . 

In order to find the minimizer of the variational problem for m w , we also consider the 
auxiliary variational problem: 

m w = inf \l u {u) | u e ff 1 ^) \ {0}, K(u) < o} , (1.11) 

where 



l u (u) := S u (u) - — tt!C(u) 

d{P ~ 1) 



2 , d(p-l)-4 , |T7 2 4 -(d-2)(p-l) 
w \\ u L 2 u T\ — Vti T2 H -r, -r ir«||r2* 

dip -I) d(p-l) 



1.12) 



Note that the subcritical potential term disappears in the functional I u . The problem 
(|1.12p is good to treat, since the functional X u is positive and the constraint is /C < 
which is stable under the Schwarz symmetrization. Moreover, we have the following; 

Proposition 1.2. Assume d > 3. Then, for any oj > and fx > 0, we have; 

(i) m u = fhuj 

(ii) Any minimizer of the variational problem for rh^ is also a minimizer for m w , and 
vice versa. 
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We state our main theorems: 



Theorem 1.1. Assume d > 4. Then, for any oj > and fx > 0, there exists a minimizer 
of the variational problem for m u . We also have m u = m w > 0. 

Theorem 1.2. Assume d = 3. If fi is sufficiently small, then we have; 

(i) i/ie variational problem for m w /ias no minimizer. 

(ii) i/tere zs no ground state for the equation 

We see from Theorem 11,11 together with Proposition 11.11 that when d > 4, a ground 
state exists for any ui > and jj, > 0. 

We give the proofs of Proposition 11.21 and Theorem 11.11 in Section [2j The proof 
of Theorem 11.11 is based on the idea of Brezis and Nirenberg [6]. Since we consider 
the variational problem different from theirs, we need a little different argument in the 
estimate of m u (see Lemma \2.2\i . We give the proof of Theorem 11.21 in Section [3l 

Next, we move to the blowup problem. Using the variational value m^, we define the 
set A u _ by 



A 



u e F 1 ^) | S u (u) < m w , K(u) < o} . (1.13) 

We can see that Aj- is invariant under the flow defined by (jNLSp (see Lemma f4. II below). 
Furthermore, we have the following result: 

Theorem 1.3. Assume d > A, uj > and fj, > 0. Let ip be a solution to liNLS\) starting 
from A^,-, and let I ma _ x be the maximal interval on which ip exists. If ip is radially 
symmetric, then I max is bounded. 

We will prove Theorem 11.31 in Section HI 

Besides the blowup result, we can also prove the scattering result; Put 

A Uj+ := {u e H 1 (R d ) | S u (u) < m u , K{u) > o} . (1.14) 

Then, we have 

Theorem 1.4. Assume d > 5, uj > and fi > 0. Let ip be a solution to SNLS\) starting 
from Aj,+ - Then, ip exists globally in time and satisfies 

ip(t) E A U)+ for any t G R, (1.15) 

and there exists 0+,^>_ € // 1 (lR d ) such that 



lim 

t— >+oo 



ip(t) - e^ tA (p + = lim ip(t) - e^ t£X (p- = 0. (1.16) 



H 1 t-*—oo 



tA, 



H 1 



We will give the proof of Theorem 11.41 in a forthcoming paper. In fact, we will prove 
the scattering result for a more general nonlinearity. 

Finally, we refer to relations of our work to the previous ones. Theorems 11.31 and 11.41 
are extensions of the blow-up and scattering results in [1] to the equation including the 
energy-critical term. On the other hand, Kenig and Merle [S] proved the scattering and 
blow-up results, like Theorems 11.31 and 11.41 above, for the equation (jNLSj) without the 
energy-subcritical term in the radial case. The radial assumption is removed by Killip 
and Visan [10] in the dimensions five and higher. The three and four dimensional cases 
remain open, which relates with the restriction d > 5 in Theorem 11.41 above. 
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2 Proofs of Proposition 11.21 and Theorem 11.11 

In this section, we prove Proposition 11.21 and Theorem 11.11 In the proofs, we often use 
the following easy facts: 

For any u G H 1 (M d ) \ {0}, there exists a unique A(u) > such that 

{> for any < A < X(u), ^ i) 

= for A = \{u), 
< for any A > A(u). 

-^-Su(T x u) = \fC(T x u) for any u G H 1 {R d ) and A > 0. (2.2) 
dA a 

Moreover, we see from ([HE]) and $T2$) that for any u G H 1 ^) \ {0}, 

■Suj(T x u) < cS w (T A ( u) ii) for any A / X(u), (2.3) 
SulTxu) is concave for A > X(u). (2-4) 
Let us begin with the proof of Proposition 11.21 



Proof of Proposition HOI We first show the claim (i): = m u . Let {u n } be any mini- 
mizing sequence for m u , i.e., {u n } is a sequence in H 1 (M, d ) \ {0} such that 

lim l u (u n ) = m u , (2.5) 

n— >oo 

K,(u n ) < for any n G N. (2.6) 

Using (|2.1|) . for each n G N, we can take A n G (0, 1] such that JC(T\ n u n ) = 0. Then, we 
have 

< Su(Tx n u n ) = T^{J Xn u n ) < X w (n n ) = m w + o n (l), (2.7) 

where we have used A n < 1 to derive the second inequality. Hence, we obtain m u < m u . 
On the other hand, it follows from 

m w < inf Iui(u) = inf S u (u) = (2.8) 

uSH 1 ^} ueH 1 \{0} 
JC=0 K=0 

that m w < m u . Thus, we have proved that m = m^. 

Next, we shall show the claim (ii). Let Q be any minimizer for m w , i.e., Q G -?/ 1 (]R ti ) \ 



{0} with 1C(Q) < and Iui(Q) = fhu- Since X w = — d ^ p _^ IC (see (|1.12p ) and m, 



it is sufficient to show that /C(Q) = 0. Suppose the contrary that K,{Q) < 0, so that there 
exists < Ao < 1 such that IC(T\ Q) = 0. Then, we have 

m w < lUTxoQ) < ?UQ) = fhu, (2-9) 

which is a contradiction. Hence, IC(Q) = and therefore Q is also a minimizer for m u . □ 

Now, employing the idea of Brezis and Nirenberg [6], we prove Theorem II. li To this 
end, we introduce another variational value a: 

a := inf {||V«|||a | u G H 1 ^), \\u\\ L 2* = l} . (2.10) 

Then, we have; 
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Proposition 2.1. Assume that for uj > and \i > 0, we /iai>e 

2 d 

m u < -CT2. (2.11) 

Then, there exists a minimizer of the variational problem for m w . 

Proof of Proposition POl Let {u n } be a minimizing sequence of the variational problem 
for rh u . Extracting some subsequence, we may assume that 

Zoj{u n ) < 1 + rhu for any n G N. (2.12) 

We denote the Schwarz symmetrization of u n by u*. Then, we easily see that 

K{u* n ) < for any n G N, (2.13) 

lim 2^(ri*) = m u , (2.14) 

n— >oo 

sup < oo for any n G N. (2-15) 

neN 

Since {u^} is radially symmetric and bounded in H 1 (M. d ), there exists a radially symmetric 
function Q G fl' 1 (R d ) such that 

lim< = Q weakly in H 1 ^), (2.16) 

n— >oo 

lim < = Q strongly in L*(R d ) for 2 < g < 2*, (2.17) 

n— >oc 

lim u* n (x) = Q(x) for almost all x G K d . (2.18) 



This function Q is a candidate for a minimizer of the variational problem ([L8]) . We shall 
show that it is actually a minimizer. 

Let us begin with the non-triviality of Q. Suppose the contrary that Q is trivial. 
Then, it follows from (|2T3l) and (|2~TT)l that 

> limsup/C«) = 21imsup{||V<||^ 2 - ||u*||j£,.}, ( 2A9 "> 

so that 

limsup ||V«* ||^2 < liminf \\u* n \\ 2 L2 * • (2.20) 
Moreover, this together with the definition of a (see (|2.10p ) gives us that 

2(ri-2) 

limsup ||Vit*|| L2 > cr liminf ||n*|| L 2* > crlimsup ||Vu* || L2 d , (2-21) 

so that 

ai < limsup ||V<|| i2 . (2.22) 

n— >oo 

Hence, if Q is trivial, then we have that 
rh^ = lim Z w (it*) 

n— >oo 

f d(p-l)-4 , |T7 2 4 -(d-2)(p-l) „ 2 * ) 
* j^l d(p-l) " Vu »^ + d^l) hJL2 * J ( 2 - 23 ) 

> - liminf II Vu* II r2 > ^cra. 
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However, this contradicts the hypothesis (|2,11|) . Thus, Q is non-trivial. 

We shall show that fC{Q) = 0. By the Brezis-Lieb Lemma (see [5]), we have 

MO - M< -Q)- z(Q) = o n (i)- (2.24) 

Since lim X^{u* n ) = and I w is positive, we see from (|2.24p that 

n— >oo 

lu(Q) < m u . (2.25) 

First, we suppose that IC(Q) < 0, which together with the definition of (see 
(jl.lip ) and (|2.25|) implies that X UJ (Q) = m^. Moreover, we can take Ao £ (0, 1) such that 
K.{T\ Q Q) = 0. Then, we have 

m w < X w {T Xo Q) < X W {Q) = m u . (2.26) 

This is a contradiction. Therefore IC(Q) > 0. 

Second, suppose the contrary that 1C(Q) > 0. Then, it follows from (|2.13p and 

/C«)-/C«-Q)-/C(Q) = 0n (l) (2.27) 

that K,(u* n —Q) < for any sufficiently large n S N, so that there exists a unique A n G (0, 1) 
such that /C(Tx n (ti* — Q)) = 0. Then, we easily verify that 

m w < X w (T An « - Q)) 

< IU< -Q)= X u «) - X U {Q) + o n (l) (2.28) 

= rhu -X U {Q) + o n (l). 

Hence, we conclude X UJ (Q) = 0. However, this contradicts the fact that Q is non-trivial. 
Thus, K(Q) = 0. 

Since Q is non-trivial and IC(Q) = 0, we have 

m u <S u (Q)=X u (Q). (2.29) 

Moreover, it follows from ()2.24p and Proposition 11.21 that 

Zui{Q) < liminf 2" w (u*) < m w = m u . (2.30) 

n— >oo 

Combining (|2.29|) and ()2.30p . we obtain that S UJ (Q) = X U (Q) = m u . Thus, we have 
proved that Q is a minimizer for the variational problem (jl.8p . □ 

We shall give the proof of Theorem ll.il In view of Proposition I2.1| it suffices to show 
the following lemma. 

Lemma 2.2. Assume d > 4. Then, for any u > and \i > 0, we /iai>e 

2 d 

< ~<72. (2.31) 
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Proof of Lemma \2.%& In view of Proposition 11.21 it suffices to show that 

2 d 

< -as. (2.32) 

Let W be the Talenti function 

Put W e (x) := e~^~ W(e~ 1 x) for e > 0. It is known that 

- AW- \W\^W = 0, (2.34) 

= ||VW £ ||^ 2 = ||W e ||f a . for any e > 0. (2.35) 



We easily see that W £ belongs to L (R ) for d > 5. When d = 4, W £ no longer belong 

to L 2 (]R 4 ) and we need a cut-off function in our proof: Let b E C°°(IR 4 ) be a function 
such that 

f 1 if \x\ < 1, 

b(x) = { (2.36) 
[ if \x\ > 2. 

We define the function w £ by 

{6 W e when d = 4, 
(2.37) 
W £ when a > 5. 

Then, for any e < 1, we can verify (see p. 35 of [16]) that 

HVwell^a = ai +0{e d - 2 ), (2.38) 

\\we\\ 2 L2* =<t$ +0(e d ), (2.39) 

f Cie 2 |loge| +0{e 2 ) if d = 4, 

= < (2.40) 

MD+l ^ ,* (d-2)(p+l) (d-2)(p+l) 

ll^ell^+i = C 2 e- d - ^ +0(e ^ ), (2.41) 



where C\ and C 2 are positive constants independent of e. Moreover, it follows from (|2.ip 
that; 

For any e G (0, 1), there exists a unique A e > such that 

n r(T \ o\ IIV7 II 2 %-l) N ^„ p+i 2 . 2 . (2-42) 
= K,(Tx £ w £ ) = 2\ £ \\Vw e \\ L 2 - n ^ X £ \\w £ \\' LP+1 - 2X £ \\w e \\ L2 * ■ 

Combining (p38]) - (f2T4T]) and (pE4~2j) . we obtain that 



_4_ d(p-l)-4 (d _ 2 )(p+l) 

A £ d ~ 2 = 1 - CA e 2 £ d ~ a + 0(e d - 2 ), (2.43) 



where C > is some constant which is independent of e. Since > ^2 ^ ~ ^' we a ^ so 
find from (p^3|) that 

limA e = l. (2.44) 
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Put A e = 1 + a £ , where lima e = 0. Then, (|2,43|) together with the expansion (1 + ot £ ) q 

ell 

1 + qa £ + o(a e ) (q > 0) gives us that 



l + ^-^a £ + o(a £ ) = 1-C II ^ 2 ; a £ + o(a e ) |> e d 3 + 0(e^), (2.45) 



so that 



(d-2)(p+l) 



« £ = -C e a "" "a""' + 0(e d ~ 2 ) for any sufficiently small e > 0, (2.46) 



where Co > is some constant which is independent of e. When d > 4, d — 2 > 
d — — 2 ^ p+1 ) and hence we find from (|2.46p that 

, (d-2)(p+l) , „ 

A £ = 1 - C e d a + 0(e d " 2 ) for any sufficiently small e > 0. (2.47) 

Using (|Z3gjl - (|23Ij) and (|2^7]) . we obtain that 
rhu < X u {Tx E w e ) 



d(p-l)-4 A ,..„ ll2 4- (d-2)(p- 1) , 2 * „ 

- Kill- + J ^ZT r ^ 2 livt^lli, + V- i) Ag lkel1 ^ 



< , ,r P 2 4- ^ ~ 1) ~ 4 x 2* , 4-(d-2)(p-l) 2 * | , n / d-2x 

+ d(p-l) A « aa + d^3i) X e^+0(e ) 

< ^ + \V- A {l " 2^-^^} (2.48) 

+ 4 " ( ^^" 1} {l " rC ^- S± ^ m }ai + o^**^) 
= Hal - jMq^**^ + u,C l£ 2 + oie*-***"* 21 * 
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for any sufficiently small e > 0. 
Since d — ^~ 2 ^ p+1 - > < 2 for p > 1, we obtain ra w < |cr2. □ 

3 Non-existence result in 3D 

In this section, we will give the proof of Theorem 11.21 Before proving the theorem, we 
prepare the following lemma. 

Lemma 3.1. Assume d > 3, u > and fi > 0. Let u be a minimizer of the variational 
problem for m u . Then, we have that 

\W\\ m <h (3.1) 
where the implicit constant is independent of jjL. 
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Proof of Lemma \3.1[ Fix a non-trivial function \ £ C£°(R ) and put 



I livxll^ 



i 

2*-2 



* := lww x ' (3,2) 



It is easy to see that 



2 . , 2' 



||r7~||2 ( V X livy ||2 / II 

so that /C(x) < 0. Hence, we obtain that 

m^<X w [x). (3.4) 

Note here that Iui(x) 1S independent of \x. 

Now, we take any minimizer u for m u . Then, Proposition 11.21 shows that u is also a 
minimizer for m u . Hence, we see from (|3.4|) that 

IMI/p ^ 2w(«) =fn u} < Tu(x), (3.5) 

where the implicit constant is independent of fi. Thus, we have completed the proof. □ 

Now, we are in a position to prove Theorem 11.21 

Proof of Theorem M.SX We first prove the claim (i). Suppose the contrary that there exists 
a minimizer u of the variational problem for m w . It follows from Proposition 11.21 that u is 
also a minimizer for m u . Let u* be the Schwarz symmetrization of u. Then, we easily see 
that u* is a minimizer for m u as well as u. Hence, using Proposition 11.21 again, we find 
that u* is a radially symmetric solution to the elliptic equation (|1.4p . Moreover, Lemma 
1 in [3] gives us that u* G C 2 (R d ). 

Put (f)(r) := ru*(r) (r = |x|). We see that <f> satisfies the equation 

<j>" -ui4> + iir 1 -* 1 ^ + r" V = 0, r > 0. (3.6) 

Let g S VK 3,oo ([0, oo)). Multiplying g<f>' by the equation (|3.6p and integrating the resulting 
equation, we obtain 

- - \[ m 2 + \[ 9<t> 2 

(3.7) 

/ p ~ L -p„ —„i-pJ\ UIP+ 1 jl f°° ( L-5„ _ 



+ " y. i?n r " f9 - p+t " 9 j w + y„ 9 - —») m - °- 

On the other hand, multiplying the equation (|3.6|) by g'(f>/2 and integrating the resulting 
equation, we obtain 

-1 /*00 1 /»CX) 1 /'OO /»CX> 1 /"OO 

1 / „//jA2 , 1 / J//J.2 1 / „/j.2 , r I /, ,m+l J- / -4 U |6„/ 



2 Jo ^ J 2 Jq 2 7n 



f ^ / - HV = o. 

(3.8) 
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Subtracting (|3.8|) from (|3.7|) . we have the identity 



-(^(°)) 2 + ^V'-v)0 2 



p + r 2(p + i 

We take 5 such that 



+ 



{5 - ?V } r 



-5 1 a|6 



It is easy to verify that 



g"'(r) - Ag'(r) = 0, r > 0, 
5(0) = 0. 



1 - e~ 2r 

<?(r) := is a solution to f j 3 . 1 U j) . 



Besides, we see from an elementary calculus that 



g(r) - rg'(r) 



1 - e 



-■li- 



re 2r > for any r > 0, 



(g(r) — rg'(r))' = 2re 2r > for any r > 0. 
Taking this function, we see from the formula (|3.9p that 



We shall show that 

p — 1 p + 3 



{5 - »y} 



-5 1 j 1 6 



"5 



p + r 2(p + i) 



rg' \ r p \4>\ 



< 1, 



liminf / {g-rg'}r 5 |0| 6 > 1, 



(3.9) 



(3.10) 
(3.11) 

(3.12) 
(3.13) 

(3.14) 

(3.15) 
(3.16) 



where the implicit constants are independent of fi. Once we obtain these estimates, taking 
/jl — > in (|3.9|) . we derive a contradiction. Thus, the claim (i) holds. 

We first prove (j3. 15|) . It is easy to verify that the right-hand side of (|3.15p is bounded 

by 



(1 -e" 2r )r\u*(r)\ p+1 dr + / e~ 2r r 2 \u* {r)\ p+1 dr < / r 2 \u*(r)\ p+1 dr 



(3.17) 



11 iip +1 < 11 iip +1 



where the implicit constants are independent of [i. Combining (|3.17p with Lemma 13.11 
we obtain the estimate f)3. 15j) . Next, we prove (|3.16p . It follows from (|3.12p . (|3.13p and 
the mean value theorem that 



/■oo /'oo rc 

/ {9 ~ rg 1 } r" 5 H 6 = / {g- rg 1 } r\u*f > / 
J J J 



2| *|6 11 116 

r |ix |° ~ \\u\\ L 6 , 



(3.18) 
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where the implicit constants are independent of //. Here, using the Sobolev embedding, 
/C(u) = 0, the Holder inequality and Lemma 13.11 we obtain that 

Nile < \\Vu\\ 2 L2 < |M|5^ + \\u\\% for all < fj. < 1. (3.19) 
Hence, we find that 

1 ^ IMlia for all < n < 1. (3.20) 

The estimate (IBTTH]) together with (f3T2UD gives (JSHSD ■ 

We shall prove the claim (ii). Let Q be a ground state of the equation (|1.4p . We 

see from (jl.6j) and Proposition 11.11 that Q is also a minimizer for ?n w . However, this 

contradicts the claim (i). Thus, (ii) follows. □ 



4 Blowup result 

In this section, we prove Theorem 11.31 The key lemma is the following. 

Lemma 4.1. Assume d > 4, ui > and fj, > 0. £et be a solution to liNLS\) starting 
from A u -, and let I max be the maximal interval where ift exists. Then, we have 

ip(t) G A u - for any t G I max , (4.1) 

sup lC(ip(t)) < 0. (4.2) 

Proof of Lemma \4-1\ Since the action 5^(^(4)) is conserved with respect to t, we have 
<Sui(ip(t)) < m w for any t G I m ax- Thus, it suffices for (|4.ip to show that 

K(i/>(t)) < for any t G W (4.3) 

Suppose the contrary that K,{ip{t)) > for some t G / m ax- Then, it follows from the 
continuity of if:(t) in H l (M. d ) that there exists to S / m ax such that /C(^(io)) = 0. Then, 
we see from the definition of m u that ^(^(to)) > 'Wu, which is a contradiction. Thus, 
(OP holds. 

Next, we shall prove (|4.2|) . Since JC(ijj(t)) < for any t G I m ax> we see from (|2.1|) ; 
For any t G I ma x, there exists < X(t) < 1 such that ]C(T x ^tp(t)) = 0. (4.4) 
This together with the definition of m w shows that 

SUTx {t) m) > m u . (4.5) 
Moreover, it follows from the concavity (|2.4p together with (|2.2p . (|4.3p and (|4.5p that 



sum) > suT x{t) m) + (i - \(t))±s u <T X m) 



A=l 

(4.6) 



Fix to £ -^max- Then, we have from (|4.6|) and the conservation law of S u that 

/C(V(t)) < -m w + 5 w (V(t)) = -m* + 5 w (^(to)). (4.7) 
Hence, (|4.2p follows from the hypothesis ^(VK^o)) < "iw D 
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Let us move to the proof of Theorem 11.31 



Proof of Theorem \1.3[ The proof is based on the idea of [121 113] . We introduce the 
generalized version of virial identity; Let p be a smooth function on R such that 



p(x) = p(4 — x) for all x£K, 
p(x) > for all 



/ p(x) dx = 1, 
Jm. 



Put 



suppp C (1,3), 

p'(x) > for all x < 2. 



w(r) := r — (r — s)p(s) ds for r > 0, 
Jo 



W R (x) := R 2 w 



R 2 



for x G M d and R > 0. 



(4.8) 
(4.9) 

(4.10) 

(4.11) 
(4.12) 

(4.13) 
(4.14) 



Then, for any solution tp G C(/ max , H l (K. d )) to (|NLSj) and to G /max, putting V'o := V'(^o)) 
we have the identity 



w R \m\ 2 

w R \i> \ 2 +(t-t )% [ vwwvo^+ r r K{ii)(t"))dt"dt' 

JR d Jto Jt 



• vv(t") 



- A ffi A 2 w R m")\ 2 dfdt' 

4 Jt„ Jtn JR d 



for any £ G / max and i? > 0. 



We easily verify that 

|VWij(2;)| 2 < AW R {x) for any i? > and x G 

ll^lli- < i? 2 , 
II W*|| LOO < fl, 

||A 2 ^ R || LOO < \\p\\ W 2,^ m . 



dt'dt' 



(4.15) 

(4.16) 
(4.17) 
(4.18) 

(4.19) 
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Now, let tp be a solution to (jNLSp starting from . We see from Lemma 14. II that 

e := - sup ]C(ip(t)) > 0. (4.20) 

ax 

Our aim is to show that the maximal existence interval / max is bounded. We divide the 
proof into three steps. 

Step 1. We claim that; 

There exists m* > and i?* > such that for any R> R*, 



m* < inf { I \v(x)\ dx 

\x\>R 



v e H} ad (R% K R (v) < -|, 1 (4-21) 



MIl 2 < IIwIl 2 

where H^ ad (M. d ) is the set of radially symmetric functions in and 
**(„):= / < 2 /^(r)dr + ^p(J^ ') > |Vt,| 2 



o 



,|2 

a 2 " , N , i 2\x\ 2 f\x\ 2 \ [ \ p— 1 , p+1 



(4.22) 



o 



Let i? > be a sufficiently large constant to be chosen later, and let v be a function such 
that 

v e fT^CR*), (4.23) 
K» < -|, (4.24) 

\\v\\v < WMv- ( 4 - 25 ) 

Then, we see from ()4.24p that 



R- 



4\x\ 2 ( \x\ 2 



{2 1 " p{ r )dr + ^p[^ )}\Vv\ 2 



o 



-jL{'A'* + ^'(S)}{^m- + 3m' 

To estimate the right-hand side of (j4.26p , we employ the following inequality (see Lemma 
6.5.11 in [7]); Assume that d > 1. Let k be a non-negative and radially symmetric function 
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in C 1 (M d ) with Ix]-^" 1 ) max{-^, 0} E L°°(R d ). Then, we have 



^ urn? 



x ■ Vu 



+ 



L- 



;| (d_1) niax^ - X '. . K , 

\x\ 



2 I 

2 



U 



for any u E ^ ad (K d ) 



where the implicit constant depends only on d 
Now, put 



/ \ „ fTF , \ , 4b| 2 / Id 2 



k 2 (x) := dj^ R p{r) dr + ^^P\jp ) 



so that 

K R {v) = / _Ki|\ 
Then, we can verify that 



^2 /U 



P-j- | ip+l , 2 | |2* 

p + 1 a 



suppKj C {|x| > R} for j = 1,2, 
||«j|| L00 ^l fori = 1,2, 



sup max < , S < — , 

™cHJd \X\ It 



1 < inf 



Kl(x) 



\x\>R K2(x) 

The inequality (107)1 together with (|Q5]> . (IQHjl and (EL"25]l yields that 



d-3 
. d-2 I I 2 



< 



2 

d-2 



2(d-l) \\ u \\L 2 (\x\>R) 
R d-2 



■■v\\t 2 U\v\\ 2 L2 



2 I|-H L 2 
it! d-2 



. IhMjg / 1, I, I, ^„ | 
^ 2 (d -D ( \\ v \\l2(\x\>r) Hv^v^I 

R d-2 



L2 



d^2 ||^0||i2 



i? 2 * ' 



(4.27) 



(4.28) 
(4.29) 

(4.30) 

(4.31) 
(4.32) 

(4.33) 
(4.34) 



(4.35) 



where the implicit constant depends only on d and p. Moreover, applying the Young 
inequality (ab < ^ + =p- with - + -7 = 1) to the right-hand side of (|4.35|) . we obtain that 



/ 



2(d-l) 



(4.36) 
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Similarly, we have 

f 2 ii P+ i<imi2 n _ i,2 , ( ii^oiiig x^~ p , ii^oin; 

JM. d u \ R 2 / R 2 



i? — a — y i?— 



If i? is so large that 



4 d-2 

|2 \ 5-p ll„/,_l|2* I \\„i. 1 1 2 \ d-3 II „/,_ 1 1 2* 



{lr~^~J + FP r+ l^Wj +^-«^o, (4.38) 
then (j4T26l) together with (OBI and (j4T38l) shows that 

£ («i " C INli^^) «*) IV^I 2 < -| (4.39) 

for some constant C > depending only on d, /x, p and p (the notation A <C eo means 
that the quantity A is much smaller than eo). Hence, we conclude that 

inf ^4 < C \Hm\ x \>R)i (4-40) 
\ x \>r k 2 {x) UL (\ x \^ H r 

which together with (|4.34p gives us the desired result. 

Step 2. Let tti* and R* be constants found in (|4.2ip . and let T mSuX := sup/ max . Then, 
our next claim is that 



t€[t ,T max ) J\x\>R 
for any R > R* satisfying the following properties: 



sup / \ip(x,t)\ 2 dx < m* (4-41) 

:n,T max ) J\x\>R. 



^W R \\ LOO Uo\\i2 < eo, (4.42) 

\^o(x)\ 2 dx < m*, (4.43) 

\x\>R 

1 (l + illV^H^) / W R \i; \ 2 <m*. (4.44) 



Here, we remark that it is possible to take R satisfying (|4.44p (see [12 
In order to prove (|4.4ip . we introduce 



T R := sup { T > t 



sup / \ip(x,t)\ 2 dx <mA fo rj R>0, (4.45) 

t <t<T J\x\>R J 

and prove that T R = T max for any R > satisfying (|4T4"2"]) - (j4"^4"|) . 

It follows from ()4.43p together with the continuity of ip(t) in L 2 (R d ) that T R > t . 
We suppose the contrary that T R < T max . Then, we have 

\ip{x,T R )\ 2 dx = m*. (4.46) 

x|>_R. 

Hence, we see from the definition of m* (see (|4.2ip ) together with the mass conservation 
law (fTT|) that 

~ £ i< K R &(T R )). (4.47) 
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Combining the generalized virial identity (|4.15|) with (|4.47j) and (|4.42p . we obtain 
f W R \^(T R )\ 2 < I W R \^\ 2 + T R Z [ VW R • VVo^ - 

JR d JR d JR d 1 



T R T R 



1 r 2 

w R \4> Q \ 2 + 



VW R • V^q^i 



(4.48) 



^IVoI 2 - 



< ( l + L\\ VWR f L \ f 

\ £ J Jw 

Hence, we see from ()4.44p that 

I W R \ip(T R )\ 2 < R 2 m*. (4.49) 

JR d 

Since W R {x) > R 2 for \x\ > R, |OgD gives us that 

/ \^(x,T R )\ 2 dx = f R 2 mx,T R )\ 2 dx < -L I W R \^{T r )\ 2 <m*, (4.50) 

J\x\>R R J\x\>R M JR d 

which contradicts (|4.46|) . Thus, we have proved Tr = T max and therefore (|4.4ip holds. 
Similarly, putting T m ; n := inf J max , we have 



sup / \ip(x,t)\ z dx <m* (4-51) 

<e(r min ,t„] J\x\>r 

for any R > R* satisfying (|P2]) - (|P4"|) . 

Step 3 We complete the proof of Theorem O Take R > R* satisfying (|Q2]l - (|Oi)> . 
Then, it follows from the definition of m* together with (|4.4ip and (|4.5ip that 

-j< IC R (m) for any t G / max . (4.52) 

Hence, we see from the generalized virial identity (|4.15p together with (|4.52p and (|4.42p 
that 

I W R m)\ 2 < I Wr\M 2 + t3f / VWr • - for any f G I max . (4.53) 

Jtf JR d JR d ^ 

Supposing sup/ max = +oo or inf I max = — oo, we have from (|4.53p that 

f W R \^(t)\ 2 <0 for some t G I max , (4.54) 
which is a, contradiction. Thus, -/max 

is bounded. □ 
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